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It is still unknown whether three mutually orthogonal Latin squares (resp. quasigroups)
of order 10 exist or whether there is a check digit system of order 10 which detects all
twin errors. During our research on these topics we use an approach with half quasigroups,
which leads to an interesting generalization of quasigroup orthogonality. A (vertical) half
quasigroup (H, ∗) is a groupoid for which the right cancellation law x∗y = x′ ∗y ⇒ x = x′
holds. It is close related to what is known as row or column Latin square. The set of all half
quasigroups Hn of order n together with an operation · builds a group (Hn, ·) and the set
of quasigroups Qn is a subset of Hn. Two half quasigroups h, g ∈ Hn are orthogonal if and
only if a quasigroup q ∈ Qn exists with h · q = g . We show that this is just a special case
and can be generalized to arbitrary groups.
Furthermore, we prove a conjecture of Dénes, Mullen and Suchower about Latin power
sets by showing that for all orders n ≠ 2, 6 there is a quasigroup q of order nwith q2 ∈ Qn
and q is orthogonal to q2. Moreover, a computer search verifies a result of Wanless that
there is no quasigroup q of order 10 having q2 and q3 ∈ Q10.
© 2010 Elsevier B.V. All rights reserved.
1. Definitions and known results
It is well known that the set of permutations of order n builds the symmetric group (Sn, ◦). Now let Hn := Snn and let us
define for g, h ∈ Hn, g = (g0, . . . , gn−1), h = (h0, . . . , hn−1) the product g · h by
g · h := (h0 ◦ g0, . . . , hn−1 ◦ gn−1).
On the basis of our definition it is clear that (Hn, ·) defines a group, namely the n-fold direct product of (Sn, ◦)with itself.
For every h ∈ Hn we define an operation ∗h on H := {0, . . . , n − 1} by x ∗h y := hy(x). We call the elements of Hn half
quasigroups as the right cancellation law holds for (H, ∗h) and all h ∈ Hn, namely
x ∗h y = x′ ∗h y ⇒ hy(x) = hy(x′)⇒ x = x′,
and we call (H, ∗h) a vertical half quasigroup. We now have
x ∗h·g y = (h · g)y(x) = gy ◦ hy(x) = gy(hy(x)) = gy(x ∗h y) = (x ∗h y) ∗g y.
The same approach can be applied analogously if we define the operation ·h on H by x ·h y := hx(y). Then (H, ·h) defines a
horizontal half quasigroup satisfying the left cancellation law x · y = x · y′ ⇒ y = y′. In the following, we concentrate on
vertical half quasigroups and omit the terms horizontal and vertical if it is clear which one is meant.
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Example. Cayley tables of the vertical and horizontal half quasigroups associated to the neutral element e ∈ H5.
∗e 0 1 2 3 4
0 0 0 0 0 0
1 1 1 1 1 1
2 2 2 2 2 2
3 3 3 3 3 3
4 4 4 4 4 4
·e 0 1 2 3 4
0 0 1 2 3 4
1 0 1 2 3 4
2 0 1 2 3 4
3 0 1 2 3 4
4 0 1 2 3 4
Thehalf quasigroups q ∈ Hn forwhich (H, ∗q) resp. (H, ·q) fulfill the left and right cancellation laws are called quasigroups,
and the set of all quasigroups is denoted by Qn, thus Qn ⊂ Hn. Of course, this definition of a quasigroup is equivalent to
the usual definition. Quasigroups are closely related to Latin squares: a Latin square is a n × n-matrix where in each row
and column each symbol occurs exactly once. Removing the top row and the left column of the Cayley table of a quasigroup
results in a Latin square and vice versa. In terms of Latin squares the horizontal (vertical) half quasigroups correspond to
row (column) Latin squares.
Row Latin squareswere first studied byNorton, see [11], and later, beside others, by Dénes et al., see [7]. Also thismaterial
is summarized in the book Discrete Mathematics using Latin Squares, Chapter 6, by Laywine and Mullen; see [9]. Of course,
the results for row Latin squares can be adapted for half quasigroups and vice versa. So in the following, we will always talk
about quasigroups, referring to the known results for Latin squares when applicable.
Example. Let e be the neutral element of the group (H5, ·) and q ∈ Q5 a quasigroup defined by x ∗q y := 2x + y where
calculation is done in the integer ring (Z5,+, ·). Then we get the following Cayley tables of q and the inverse element q−1
with q · q−1 = e.
∗q 0 1 2 3 4
0 0 1 2 3 4
1 2 3 4 0 1
2 4 0 1 2 3
3 1 2 3 4 0
4 3 4 0 1 2
∗q−1 0 1 2 3 4
0 0 2 4 1 3
1 3 0 2 4 1
2 1 3 0 2 4
3 4 1 3 0 2
4 2 4 1 3 0
It can be easily seen that for all x, y ∈ H we have x ∗q−1 y = z ⇒ z ∗q y = x and q ∈ Qn implies q−1 ∈ Qn.
The concept of orthogonality (see [7] for example) can be adapted for half quasigroups. We say that two half quasigroups
h, g ∈ Hn are orthogonal if for all x, x′, y, y′ ∈ H
x ∗h y = x′ ∗h y′ and x ∗g y = x′ ∗g y′
implies
x = x′ and y = y′.
We shortlywrite h⊥g if h and g are orthogonal.Whenwe superimpose the Cayley tables of two orthogonal half quasigroups,
every pair (m, n) ∈ H × H will be mentioned exactly once.
Example. This is an example of two orthogonal half quasigroups of order 3.
∗h 0 1 2
0 0 0 2
1 1 2 0
2 2 1 1
×
∗g 0 1 2
0 0 1 0
1 2 2 2
2 1 0 1
→
(∗h, ∗g) (0, 0) (1, 1) (2, 2)
(0, 0) (0, 0) (0, 1) (2, 0)
(1, 1) (1, 2) (2, 2) (0, 2)
(2, 2) (2, 1) (1, 0) (1, 1)
For q ∈ Qn we define
• qT ∈ Qn, x ∗qT y := y ∗q x
• q\ ∈ Qn, q\ := ((qT )−1)T
then (qT )T = q and (q\)\ = q. If p⊥q, p, q ∈ Qn, then pT⊥qT .
There is an interesting connection between orthogonal half quasigroups and quasigroups, which is already known for
(row) Latin squares (see [10,1,11,9]).
Lemma 1. The (half) quasigroups h, g ∈ Hn are orthogonal if and only if a quasigroup q ∈ Qn exists with h · q = g.
Although this result is well known, we give a direct proof in terms of half quasigroups.
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Proof. 1. Let h, g ∈ Hn, q ∈ Qn, and h · q = g . We have to prove h⊥g . Let
z := x ∗h y = x′ ∗h y′ and x ∗g y = x′ ∗g y′;
it follows that
x ∗g y = x ∗h·q y = (x ∗h y) ∗q y = x′ ∗g y′ = x′ ∗h·q y′ = (x′ ∗h y′) ∗q y′
and thus z ∗q y = z ∗q y′. q being a quasigroup, we have y = y′ and therefore x ∗g y = x′ ∗g y. The right cancellation law
yields that x = x′ and h⊥g .
2. Let h, g ∈ Hn, h⊥g , and q := h−1 · g . We show that q is a quasigroup. Let
x ∗q y = x ∗q y′
it follows that
(x ∗h−1 y) ∗g y = (x ∗h−1 y′) ∗g y′.
With x˜ := x ∗h−1 y and x˜′ := x ∗h−1 y′ we get
x = x˜ ∗h y = x˜′ ∗h y′
x˜ ∗g y = x˜′ ∗g y′.
h⊥g , therefore x˜ = x˜′ and y = y′. Thus q is a quasigroup. 
Example. We use the two half quasigroups h, g from the previous example. Then q := h−1 · g is a quasigroup:
∗h−1 0 1 2
0 0 0 1
1 1 2 2
2 2 1 0
·
∗g 0 1 2
0 0 1 0
1 2 2 2
2 1 0 1
=
∗q 0 1 2
0 0 1 2
1 2 0 1
2 1 2 0.
It is easy to see and well known (see [11] or [9] for instance) that
Lemma 2. For h, g, q ∈ Hn holds
1. h⊥g if and only if g⊥h
2. e⊥q if and only if q ∈ Qn.
In the second last section we will use this for a general approach and prove some interesting properties which are also
true for half quasigroups.
2. Check digit systems
Check digit systems are used to detect typing errors when entering numbers into a computer (see [4] for example). By
definition a check digit system detects single errors (one wrong entered digit) and adjacent transpositions (two adjacent
digits entered in wrong order). There is a close relation between orthogonal quasigroups and the so-called twin errors when
two adjacent equal digits are entered wrongly, e.g. the number 1033 is entered as 1022. If a0a1 . . . am−1 is a number, the
check digit d can be calculated with the quasigroups q1, . . . , qm and the check equation
(. . . ((a0 ∗q1 a1) ∗q2 a2 . . .) ∗qm−1 am−1) ∗qm d = 0.
This check equation detects all single errors and it detects the adjacent transpositions if and only if (see [5])
x ∗q1 y = y ∗q1 x ⇒ x = y
and
(c ∗qi x) ∗qi+1 y = (c ∗qi y) ∗qi+1 x ⇒ x = y.
The twin errors are detected if and only if
x ∗q1 x = y ∗q1 y ⇒ x = y
and
(c ∗qi x) ∗qi+1 x = (c ∗qi y) ∗qi+1 y ⇒ x = y.
The last implication is equivalent to qi · qi+1 ∈ Qn, thus the quasigroups qi and qi · qi+1 are orthogonal.
In [5] we have shown that if all quasigroups are the same, i.e. q := q1 = q2 = · · · = qm, for order 10 such a check digit
system cannot detect all twin errors; this means that in this case q2 is not an element of Q10. It is still an open question
whether a more general approach where the qi are chosen differently can lead to a check digit system of order 10 which
detects all twin errors.
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3. Pairs of orthogonal quasigroups
Some known facts follow immediately from Lemma 1; see [3, page 427] and [2]. For a quasigroup q ∈ Qn wewrite shortly
x ∗ y instead of x ∗q y.
Lemma 3. Quasigroups satisfying one of the following identities (for all x, y ∈ H) possess an orthogonal mate which is also a
quasigroup.
1. (x ∗ y) ∗ (y ∗ x) = x Schröder’s quasigroup
2. (y ∗ x) ∗ (x ∗ y) = x Stein’s third law
3. ((x ∗ y) ∗ y) ∗ y = x C3-quasigroup
4. x ∗ (x ∗ y) = y ∗ x Stein’s first law, Stein’s quasigroup
5. ((y ∗ x) ∗ y) ∗ y = x
6. (y ∗ x) ∗ y = x ∗ (y ∗ x)
7. (x ∗ y) ∗ y = x ∗ (x ∗ y) Schröder’s first law.
Proof. The identities are equivalent to the following identities in Hn and possess an orthogonal mate by Lemma 1:
1. q = qT · q\ thus q⊥qT .
2. qT = q · q\ thus q⊥qT .
3. q3 = e thus q · q = q−1 resp. q⊥q−1.
4. q = qT · qT thus q⊥qT .
5. qT · q = q−1 thus q−1⊥qT and q⊥q−1.
6. We have qT · q ∈ Qn and qT · q = (q · qT )T thus q⊥q · qT and qT⊥qT · q.
7. We have q2 ∈ Qn and (q2)T = (qT )2 resp. (q · q)T = qT · qT thus q⊥q2.
As an example, let us prove that Schröder’s first law is equivalent to q2 ∈ Qn and (q2)T = (qT )2. Let q ∈ Qn be a
quasigroup with q2 ∈ Qn and q · q = (qT · qT )T . It follows that
(x ∗ y) ∗ y = x ∗q·q y
= x ∗(qT ·qT )T y
= y ∗qT ·qT x
= (y ∗qT x) ∗qT x
= x ∗ (x ∗ y).
On the other hand if q ∈ Qn fulfills (x ∗ y) ∗ y = x ∗ (x ∗ y), then q2 ∈ Qn as (x ∗ y) ∗ y = (x ∗ y′) ∗ y′ is equivalent to
x ∗ (x ∗ y) = x ∗ (x ∗ y′). Using the left cancellation law twice we get y = y′. 
Remark. If q, q2 ∈ Qn, Lemma 1 immediately yields that q⊥q2 and q⊥q−1, thus the condition (q2)T = (qT )2 is not necessary
for the construction of a pair of orthogonal quasigroups.
As an example, we try to construct orthogonal quasigroups from the equation q = q\ · q−1, which is equivalent to
the equation x ∗ ((x ∗ y) ∗ y) = y. A quasigroup q ∈ Qn satisfying this equation is orthogonal to q\. With the approach
x ∗ y = ax+ by+ c , where calculation is done in the integer ring Zn, we are able to construct such a quasigroup if b is a unit
in Zn and a := −1/b, c := 0, b2 = b+ 1. These conditions are satisfied, for instance, for b := 3 ∈ Z5 and b := 4 ∈ Z11.
Lemma 4. Let p : Zn → Zn, n odd, be a permutation with the properties:
(a) p(x)− p(y) = x− y implies x = y,
(b) p2(x)− p2(y) = x− y implies x = y or x = −1 or y = −1 or p(x) = −1 or p(y) = −1,
(c) p2(x)− x = p(−1)+ 1 implies x = −1 or p(x) = −1,
(d) p2(x)− x = 2p(−1)+ 2 implies x = −1 or p(x) = −1, and
(e) p(−1) ≠ −1
then the quasigroup q ∈ Qn+1 defined by
x ∗q y :=

p(x− y)+ y x, y < n and y ≠ x+ 1
n x, y < n and y = x+ 1
p(−1)+ y x = n and y < n
p(−1)+ x+ 1 x < n and y = n
n x = y = n,
where n ≠ 0 ∈ Zn and the other terms are reduced modulo n, is orthogonal to q2 ∈ Qn+1.
Proof. By Lemma 1 it is enough to show that q2 ∈ Qn+1. The proof is straightforward going through the different cases, so
we omit it here. 
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In [8] Dénes, Mullen and Suchower conjectured that for all ordersm ≠ 2, 6 there exists a Latin power set L, L2, . . . , Lk of
order m containing two Latin squares. We prove this conjecture in the following theorem by looking at the corresponding
(half) quasigroups q and q2 of two (row) Latin squares L, L2.
Theorem 1. For all orders m ≠ 2, 6 there is a quasigroup q ∈ Qm with q2 ∈ Qm and q⊥q2.
Proof. For a quasigroup q ∈ Qm fulfilling one of the equations 3, 4, 5 and 7 of Lemma 3we have q2, (qT )2 resp. (q−1)2 ∈ Qm.
Equation 5 covers all orders except 2, 6, 10 and possibly 14, 18, 26, 30, 38, 42, 158 (see [3] IV.36.5). Equation 3 covers 10, 18,
30, and 42, and equation 4 covers the casem = 158. For the remaining orders 14, 26, and 38we give the following examples,
found by a computer search, of permutations p satisfying the conditions of Lemma 4 and the associated quasigroups with
q2 ∈ Qm.
Orderm = n+ 1 = 14, p = (0 4 10 8 3 2 12)(1 6 9 11 7).
∗q 00 01 02 03 04 05 06 07 08 09 10 11 12 13
00 04 13 09 11 02 08 07 03 00 06 12 10 05 01
01 06 05 13 10 12 03 09 08 04 01 07 00 11 02
02 12 07 06 13 11 00 04 10 09 05 02 08 01 03
03 02 00 08 07 13 12 01 05 11 10 06 03 09 04
04 10 03 01 09 08 13 00 02 06 12 11 07 04 05
05 05 11 04 02 10 09 13 01 03 07 00 12 08 06
06 09 06 12 05 03 11 10 13 02 04 08 01 00 07
07 01 10 07 00 06 04 12 11 13 03 05 09 02 08
08 03 02 11 08 01 07 05 00 12 13 04 06 10 09
09 11 04 03 12 09 02 08 06 01 00 13 05 07 10
10 08 12 05 04 00 10 03 09 07 02 01 13 06 11
11 07 09 00 06 05 01 11 04 10 08 03 02 13 12
12 13 08 10 01 07 06 02 12 05 11 09 04 03 00
13 00 01 02 03 04 05 06 07 08 09 10 11 12 13
Orderm = n+ 1 = 26, p = (0 4 15 13 6 23 12 18 19 22 17 5 20 16)(2 7 14 24 21 8 10 9 3 11).
∗q 00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
00 04 25 14 20 12 21 03 01 13 09 23 10 18 06 16 24 19 02 07 17 15 11 08 05 00 22
01 01 05 25 15 21 13 22 04 02 14 10 24 11 19 07 17 00 20 03 08 18 16 12 09 06 23
02 07 02 06 25 16 22 14 23 05 03 15 11 00 12 20 08 18 01 21 04 09 19 17 13 10 24
03 11 08 03 07 25 17 23 15 24 06 04 16 12 01 13 21 09 19 02 22 05 10 20 18 14 00
04 15 12 09 04 08 25 18 24 16 00 07 05 17 13 02 14 22 10 20 03 23 06 11 21 19 01
05 20 16 13 10 05 09 25 19 00 17 01 08 06 18 14 03 15 23 11 21 04 24 07 12 22 02
06 23 21 17 14 11 06 10 25 20 01 18 02 09 07 19 15 04 16 24 12 22 05 00 08 13 03
07 14 24 22 18 15 12 07 11 25 21 02 19 03 10 08 20 16 05 17 00 13 23 06 01 09 04
08 10 15 00 23 19 16 13 08 12 25 22 03 20 04 11 09 21 17 06 18 01 14 24 07 02 05
09 03 11 16 01 24 20 17 14 09 13 25 23 04 21 05 12 10 22 18 07 19 02 15 00 08 06
10 09 04 12 17 02 00 21 18 15 10 14 25 24 05 22 06 13 11 23 19 08 20 03 16 01 07
11 02 10 05 13 18 03 01 22 19 16 11 15 25 00 06 23 07 14 12 24 20 09 21 04 17 08
12 18 03 11 06 14 19 04 02 23 20 17 12 16 25 01 07 24 08 15 13 00 21 10 22 05 09
13 06 19 04 12 07 15 20 05 03 24 21 18 13 17 25 02 08 00 09 16 14 01 22 11 23 10
14 24 07 20 05 13 08 16 21 06 04 00 22 19 14 18 25 03 09 01 10 17 15 02 23 12 11
15 13 00 08 21 06 14 09 17 22 07 05 01 23 20 15 19 25 04 10 02 11 18 16 03 24 12
16 00 14 01 09 22 07 15 10 18 23 08 06 02 24 21 16 20 25 05 11 03 12 19 17 04 13
17 05 01 15 02 10 23 08 16 11 19 24 09 07 03 00 22 17 21 25 06 12 04 13 20 18 14
18 19 06 02 16 03 11 24 09 17 12 20 00 10 08 04 01 23 18 22 25 07 13 05 14 21 15
19 22 20 07 03 17 04 12 00 10 18 13 21 01 11 09 05 02 24 19 23 25 08 14 06 15 16
20 16 23 21 08 04 18 05 13 01 11 19 14 22 02 12 10 06 03 00 20 24 25 09 15 07 17
21 08 17 24 22 09 05 19 06 14 02 12 20 15 23 03 13 11 07 04 01 21 00 25 10 16 18
22 17 09 18 00 23 10 06 20 07 15 03 13 21 16 24 04 14 12 08 05 02 22 01 25 11 19
23 12 18 10 19 01 24 11 07 21 08 16 04 14 22 17 00 05 15 13 09 06 03 23 02 25 20
24 25 13 19 11 20 02 00 12 08 22 09 17 05 15 23 18 01 06 16 14 10 07 04 24 03 21
25 21 22 23 24 00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 19 20 25
Orderm = n+1 = 38, p = (07302832521517342120811613332429192332635314221127912182610536)
(We omit the associated quasigroup.)
We conjecture that permutations satisfying the conditions of Lemma 4 exist for all odd orders n ≥ 13, as the computer
search finds a lot of them. A direct construction of such permutations might lead to an elementary proof of the existence of
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quasigroups having q2 ∈ Qn+1 and thus a proof of the existence of orthogonal Latin squares for all orders ≠2, 6. A similar
construction is also interesting in connection with TA-quasigroups, see [6, Lemma 10], and might also shorten the proof of
their existence. 
4. Three or more mutually orthogonal quasigroups
Motivated by Lemma 3, we find it interesting to ask under which conditions three parastrophes of a quasigroup are
mutually orthogonal. Let us look at the following examples.
Example. Let q ∈ Qn with q · q = qT and q4 = e, then q, qT , q−1 are mutually orthogonal.
Proof. q · q = qT , so q⊥qT . It holds q−1 = q3 = qT · q, so qT⊥q−1. From q−1 = qT · q we get q = q−1 · (qT )−1, and thus
q⊥q−1. 
Looking closer at this example, we can see that qT = q2 and q−1 = q3, so q, q2, q3 ∈ Qn are mutually orthogonal. This
leads to a more general lemma, which Norton proved already for row Latin squares (see [11]).
Lemma 5. Let q ∈ Qn with qi ∈ Qn, i = 1, . . . ,m, then the qi are m mutually orthogonal quasigroups.
Proof. For all 1 ≤ i < j ≤ mwe have qj = qi · qj−i. By precondition qj−i is a quasigroup, thus qi⊥qj. 
We say that q generates a complete set of orthogonal quasigroups of order n if q, q2, . . . , qn−1 ∈ Qn. Analogous to Dénes
et al., see [8], we can give an easy construction of orthogonal quasigroups for odd orders:
Lemma 6. If n > 2 and p > 2 is the smallest prime factor of n, a quasigroup q ∈ Qn exists with q2, . . . , qp−1 ∈ Qn.
Proof. Define x ∗q y := x+ ywhere calculation is done in Zn, then x ∗qi y = x+ iy. From x ∗qi y = x+ iy = x+ iy′ = x ∗qi y′
it follows that iy = iy′. If 0 < i < p, i is a unit in Zn; thus y = y′ and qi ∈ Qn. 
Example. With a computer search for the non-prime orders n ≠ 2, 6 smaller than 10 we found the following quasigroups:
Order n = 4: q, q2 ∈ Q4
∗q 0 1 2 3
0 0 1 2 3
1 2 3 0 1
2 3 2 1 0
3 1 0 3 2
Order n = 8: q, q2, . . . , q6 ∈ Q8
∗q 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 2 4 0 5 1 3 7 6
2 3 7 5 0 6 2 4 1
3 4 2 1 6 0 7 3 5
4 5 6 3 2 7 0 1 4
5 6 5 7 4 3 1 0 2
6 7 3 6 1 5 4 2 0
7 1 0 4 7 2 6 5 3
Order n = 9 : q, q2, . . . , q7 ∈ Q9
∗q 0 1 2 3 4 5 6 7 8
0 0 1 2 3 4 5 6 7 8
1 2 3 6 4 1 8 0 5 7
2 3 8 4 7 5 2 1 0 6
3 4 7 1 5 8 6 3 2 0
4 5 0 8 2 6 1 7 4 3
5 6 4 0 1 3 7 2 8 5
6 7 6 5 0 2 4 8 3 1
7 8 2 7 6 0 3 5 1 4
8 1 5 3 8 7 0 4 6 2
Using a backtracking algorithm we could show that the given examples are maximal, meaning that no quasigroup of
order n = 4, 8, 9 exists which generates a complete set of orthogonal quasigroups. From a paper of Sinkov [12] it follows
that for even orders n this is always the case, namely that no quasigroup q ∈ Qn generates a complete set if n is even.
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The search for such a quasigroup of order 10 gives us the following result, which verifies the exhaustive search performed
by Wanless [13].
Theorem 2. No quasigroup of order 10 exists having q, q2, q3 ∈ Q10.
A C3 quasigroup q of order 10 exists, therefore q3 = e and thus q−1 = q2 ∈ Q10. Here is an example of such a quasigroup.
Example. C3 quasigroup of order 10, q, q2 ∈ Q10.
∗q 0 1 2 3 4 5 6 7 8 9
0 0 1 2 3 4 5 6 7 8 9
1 2 3 4 5 1 8 0 9 6 7
2 3 2 5 9 6 7 8 1 0 4
3 1 0 6 7 9 3 4 8 5 2
4 5 6 7 2 8 1 9 0 4 3
5 6 4 0 8 3 9 2 5 7 1
6 4 5 8 6 7 2 1 3 9 0
7 8 9 1 0 2 6 7 4 3 5
8 9 7 3 1 0 4 5 6 2 8
9 7 8 9 4 5 0 3 2 1 6
We summarize our result in the following table. In the first column we write the order m of the quasigroups and in the
second column the maximum i for which there is a quasigroup q ∈ Qm with q, q2, . . . , qi ∈ Qm.
Table 1
Maximum i for which q, q2, . . . , qi ∈ Qm .
Orderm Maximum i
2 1
3 2
4 2
5 4
6 1
7 6
8 6
9 7
10 2
11 10
5. Generalization
Our concept of orthogonality can be generalized for arbitrary groups in a simple way. Lemmas 1 and 2 suggest the
following definition.
Definition 1. Let (G, ·) be a group and⊥ a binary relation over G. We call⊥ quasigroup orthogonality if for all h, g ∈ G
1. h⊥g ⇔ g⊥h
2. h⊥g ⇔ e⊥h−1 · g .
The elements of the subset Q := {q ∈ G|e⊥q} are called quasigroup elements of G.
In order to avoid some special cases we will always demand that e is not in Q .
Remark. Requirement 1 of Definition 1, namely that the binary relation⊥ is symmetric, is equivalent to the statement:
If q ∈ Q is a quasigroup element, also q−1 ∈ Q .
Proof. First, from e⊥qweget e⊥q·e thus q−1⊥e resp. e⊥q−1. Second, from h⊥g follows e⊥h−1·g thus e⊥(h−1·g)−1 = g−1·h
and g⊥h. 
Every quasigroup orthogonality defines a subset Q of quasigroup elements; vice versa, every subset Q ⊂ G with
q ∈ Q ⇒ q−1 ∈ Q defines a quasigroup orthogonality⊥ by the definition h⊥g if h−1 · g ∈ Q .
Example. In the group (Z10,+) we define the quasigroup elements by Q := {2, 4, 6, 8}. The quasigroup elements are
orthogonal to each other, so we have four mutually orthogonal quasigroup elements.
Example. The same group (Z10,+) as before, but with quasigroup elements Q := {1, 3, 5, 7, 9} has no pair of orthogonal
quasigroup elements: the sum of two quasigroup elements is always even and thus it is not a quasigroup element.
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We show that the results of Lemmas 5 and 1 hold analogously for quasigroup orthogonality in a group. Furthermore we
show the following, which holds especially for half quasigroups. Let (G, ·) be a groupwith quasigroup orthogonality⊥, then
Lemma 7. 1. The elements h, g ∈ G are orthogonal if and only if there is a quasigroup element q ∈ Q with h · q = g.
2. For every quasigroup element q ∈ Q and h ∈ G holds h⊥h · q.
3. Every element h ∈ G has exactly |Q | orthogonal mates.
4. For all h, g, f ∈ G with h⊥g it follows that f · h⊥f · g.
5. There are k mutually orthogonal quasigroup elements in G ⇔
There are k+ 1mutually orthogonal elements in G.
6. Let q be a quasigroup element with qi ∈ Q , i = 1, . . . ,m, then the qi are m mutually orthogonal quasigroup elements.
Proof. (1) Let h⊥g , then by definition q := h−1 · g is a quasigroup element and h · q = h · h−1 · g = g . The same holds vice
versa.
(2) h⊥h · q is equivalent to e⊥h−1 · h · q = q.
(3) Follows from (2).
(4) There is a quasigroup element q ∈ Q with h · q = g . Multiplying the equation by f from the left gives us (f ·h) · q = f · g ,
thus f · h⊥f · g .
(5) We can add the neutral element e to a set of kmutually orthogonal quasigroup elements to get k+1mutually orthogonal
elements of (G, ·). On the other hand, let h1, . . . , hk+1 be k + 1 mutually orthogonal elements. We can multiply these
elements by h−11 to get h
−1
1 · h1 = e, h−11 · h2, . . . , h−11 · hk+1. By (4) and Definition 1 the elements h−11 · h2, . . . , h−11 · hk+1
are kmutually orthogonal quasigroup elements.
(6) Analogous to Lemma 5. 
It is well known that it is possible to construct many more pairs from a pair of orthogonal quasigroups by permuting
rows, columns or by renaming the elements of the quasigroup. Our general approach allows us a different way to get new
pairs of orthogonal elements from some given ones.
Lemma 8. Let q1, q2, q3 ∈ Q be quasigroup elements of (G, ·) and q1 · q2 = q3 (thus q1⊥q3), then
1. q2⊥q−11 as q2 = q−11 · q3
2. q−12 ⊥q−13 as q−12 = q−13 · q1.
From three mutually orthogonal quasigroup elements we get three other sets of three mutually orthogonal quasigroup
elements:
Lemma 9. Let p1, p2, p3 ∈ Q be mutually orthogonal and q1, q2, q3 ∈ Q with
p1 · q1 = p2, p2 · q2 = p3, p3 · q3 = p1
then
p−11 , q
−1
3 , q1 are mutually orthogonal,
p−12 , q
−1
1 , q2 are mutually orthogonal,
and
p−13 , q
−1
2 , q3 are mutually orthogonal.
Proof. The proof is straight forward using Lemma 8. 
6. Future work
Besides further properties of quasigroup orthogonality in groups it would be interesting to know more about the group
H10. With our generalization it is possible, for instance, to extend the set Q10 to a superset Q ′ with Q10 ⊂ Q ′ ⊂ H10 and
define a quasigroup orthogonality ⊥ by the definition h⊥g if h−1 · g ∈ Q ′. Then it might be possible to show that even in
Q ′ there are no three orthogonal quasigroup elements and thus in Q10 there are none. It would also be interesting if this
approach might be helpful to show that for all q1, q2 ∈ Q6 we have q1 · q2 ∉ Q6.
If we look at Table 1 it is also remarkable that for orderm = 9 the maximum is smaller thanm− 1, although a complete
set ofm− 1 orthogonal quasigroups exists.
Finally the permutations satisfying the conditions of Lemma 4 are of special interest because they could be helpful for the
construction of quasigroups which might shorten the proof of the existence of orthogonal quasigroups or TA-quasigroups.
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